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Abstract. We consider a non- homogeneous generalised Burgers 
equation 

Here / is strongly convex, v is small and positive, while i] is a 
random forcing term, smooth in space and white in time. 

For any solution u of this equation we consider the quasi- 
stationary regime, corresponding to t > Ti, where Ti depends 
only on / and on the distribution of rj. We obtain sharp upper 
and lower bounds for Sobolev norms of u averaged in time and in 
ensemble. These results yield sharp upper and lower bounds for 
natural analogues of quantities characterising the hydrodynamical 
turbulence. All our bounds do not depend on the initial condition, 
and hold uniformly in v. 

Estimates similar to some of our results have been obtained by 
Aurell, Frisch, Lutsko, and Vergassola on a physical level of rigour; 
we use some arguments from their article. 



Contents 

Introduction |2] 

1. Notation and Setup H] 

1.1. Sobolev Spaces IH 

1.2. Random Setting |5] 

1.3. Preliminaries |6] 

1.4. Agreements [7] 

2. Formulation of the Main Results |8] 

3. Upper Estimates for Sobolev Norms [TU] 

4. Lower Estimates for Sobolev Norms [TH] 

1 



2 



ALEXANDRE BORITCHEV 



5. Sobolev Norms: Main Theorem [20] 

6. Estimates for Small-Scale Quantities EH 

6.1. Agreements and Notation [21] 

6.2. Results in Physical Space [22] 

6.3. Results in Fourier Space [28] 

7. Stationary Measure and Related Issues [31] 
Acknowledgements [32] 
References [52] 



Introduction 

The generalised one-dimensional space-periodic Burgers equation 

I + ^'("'1 -"...s'^wz (1) 

(the classical Burgers equation [7j corresponds to f{u) = m^/2) is a 
popular model for the Navier-Stokes equation, since both of them have 
similar nonlinearities and dissipative terms. For <^ 1 and / strongly 
convex, i.e. satisfying: 

f"{x) >a>0, xeR, (2) 

solutions of Q display turbulent-like behaviour, called "Burgulence" 
[3] [1]. In this paper, we are interested in qualitative and quantitative 
properties of the Burgulence. 

To simplify presentation, we restrict ourselves to solutions with zero 
mean value in space: 

u{t,x)dx = 0, Vt>0. (3) 



Accordingly, we assume that the initial value m(0, ■) satisfies (|3]). 

In p], Biryuk considered ([T| with / satisfying ([2]). He studied norms 
in space of solutions u for small values of u and obtained the following 
estimates for L2 norms of the m-th derivatives: 

Mt)rm<Cu~('"'-'\ \. f^\\u{t)\\l>cy'^''^''\ m>\,v<v,. 

Note that the exponents for v in lower and upper bounds are the same. 
The constants z/q, C, c, and T depend on the deterministic initial con- 
dition Mo as well as on m. To get results independent of the initial 
data, a natural idea is to introduce random forcing and to estimate 
ensemble-averaged characteristics of solutions. In the previous article 
[H], we have considered the case when in the right-hand side of ([T]) is 
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replaced by a random spatially smooth force, "kicked" in time. In this 
article we consider 



where 77"^ is a random force, white in time and smooth in space. This 
force corresponds, heuristically, to a scaled limit of "kicked" forces with 
more and more frequent kicks. All forces that we consider satisfy ([s]). 

Study of Sobolev norms of solutions for nonlinear PDEs with small 
viscosity (with or without random forcing) is motivated by the prob- 
lem of turbulence. This research was initiated by Kuksin, who obtained 
lower and upper estimates of these norms by negative powers of the vis- 
cosity for a large class of equations (see [20l |2T] and references in |21j). 
and continued by Biryuk We use some methods and ideas from 
those works. Note that for the Burgers equation considered in [HI E] 
and in our work, estimates on Sobolev norms are asymptotically sharp 
in the sense that viscosity enters lower and upper bounds at the same 
negative power. Such estimates are not available for the more compli- 
cated equations considered in [20l [21] . 

In this work, after introducing the notation and setup in Section [T| 
we formulate the main results in Section [2j In Section [3| for t > 1 , we 
estimate from above the moments of m.?ixdu/ dx for solutions u{t,x) 
of (|4]). Using these bounds, in Sections [sjjs] we obtain estimates of the 
same type as in [SI [S], valid for time t > Ti = Tq + 2. Here, Tq is a 
constant, independent of the initial condition and of u. Actually, for 
t > Ti, we are in a quasi-stationary regime: all estimates hold uni- 
formly in t, u, and in the intial condition uq. 

In Section [6] we study implications of our results in terms of the the- 
ory of Burgulence. Namely, we give sharp upper and lower bounds for 
the dissipation length scale, increments, flatness, and spectral asymp- 
totics for the flow u{t,x). These bounds hold uniformly for u < uq, 
where uq is a constant which is independent of the initial condition. 

The results of Section [6] rigorously justify the predictions for space 
increments of solutions u{t, x) and for their spectral asymptotics made 
in [21 [121 [13 HB] ; see also [8j . One proof in this section uses some con- 
structions and arguments from [2]. Note that predictions for spectral 
asymptotics have been known since the 1950s: in [18], the author refers 
to some earlier results by Burgers and Tatsumi. 

The rigorous proof of the asymptotics predicted by a physical argu- 
ment, even for such a relatively simple model as the stochastic Burgers 
equation, is important since for the 3D or 2D incompressible Navier- 
Stokes equations there is no exact theory of this type, corresponding 
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to the heuristic theories due to Kolmogorov and Kraichnan. 

The stochastic Burgers equation admits a unique stationary measure 
fi. Estimates in Sections [3]j6] still hold if we replace averaging in time 
and probability with averaging with respect to Moreover, the rate 
of convergence to fi in Li does not depend on the viscosity. We will 
give details of the proof in a future publication. 

We are concerned with solutions for Q with small but positive u. 
For a detailed study of the limiting dynamics with i/ = 0, see |13j . 
Additional properties for both cases i/ = and z/ > have been estab- 
lished in [ISllin]. 

The results of Sections [6](7] also hold in the case of a "kicked" force, 
since we have estimates analogous to those in Sections [3]|5] (see |6j). 
Finally, we would like to note that similar estimates hold in the case of 
the multidimensional potential randomly forced Burgers equation (see 
|1] for physical predictions). Those estimates will be the subject of a 
future publication. 

1. Notation and Setup 

Agreement: In the whole paper, all functions that we consider are 
real-valued. 

1.1. Sobolev Spaces. Consider a zero mean value integrable function 
V on S-^. For p G [l,C)o], we denote its Lp norm by \v\p. The L2 norm 
is denoted by |f|, and (■, ■) stands for the L2 scalar product. From 
now on Lp, p G [1, 00], denotes the space of zero mean value functions 
in Lp{S^). Similarly, C°° is the space of C°°-smooth zero mean value 
functions on S^. 

For a nonnegative integer m and p G [l,C)o], W"^'^ stands for the 
Sobolev space of zero mean value functions v on 5*^ with finite homo- 
geneous norm 



In particular, VT'^'P = Lp for p G [1, 00]. For p = 2, we denote W"^'"^ by 
H"^, and abbreviate the corresponding norm as ||f ||^. 
Note that since the length of is 1, we have 

\v\l < \v\oo < \v\l,l < |t;|l,oo < ■ ■ ■ < \v\rn,l < \v\m,oo < ■■■ 

We recall a version of the classical Gagliardo-Nirenberg inequality (see 
[TTl Appendix]): 

Lemma 1.1. For a smooth zero mean value function v on , 

II ^ \ \e I |i-e 
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where m > /3 > 0, and r is defined by 

r \ p/ q 

under the assumption 9 = (5/m if p =1 or p = oo, and (3/m < 6 < 1 
otherwise. The constant C depends on m,p,q, 13,6 . 

For any s > 0, H'^ stands for the Sobolev space of zero mean value 
functions v on with finite norm 

fcez 

where v'' are the complex Fourier coefficients of v{x). For integer values 
of s = m, this norm coincides with the previously defined if"* norm. 
For s G (0, 1), \\v\\g is equivalent to the norm 

(see PES]). 

Subindices t and x, which can be repeated, denote partial differen- 
tiation with respect to the corresponding variables, f denotes the 
m-th derivative of v in the variable x. For shortness, the function f (t, ■) 
is denoted by v{t). 

1.2. Random Setting. We provide each space W^''^ with the Borel 
(j-algebra. Then we consider a random process w{t) = w^{t), uj G 
f2, t > 0, defined on a complete probability space (fi, J-", P) and valued 
in L2. We assume that w{t) defines a Wiener process with respect to 
a filtration J-i, t > 0, in each space if™, m > 0. In particular, for 

E((w(s), {wit), x)) = min(s, t) (QC, x) , 

where Q is a symmetric operator which defines a continuous mapping 
Q : L2 — )■ H"^ for each m. Thus, w{t) G C°° for every t, almost surely. 
We will denote w{t){x) by w(t,x). For more details, see [H Chapter 4]. 
For m > 0, we denote by Im the quantity 

I^ = TrH^iQ) = E\\wil)\\l. 

It is not difficult to construct w{t) explicitly. For example we could 
take 




w{t) = V2^bk(3kit) sm{2nkx) + ^2 ^ &fc/3fc(t) cos(27rA;x), 

k>l k<-l 
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where (3k(t), k are standard independent Wiener processes and 
= ^fcT^o < for each m. From now on, the term dw{s) 

denotes the stochastic differential corresponding to the Wiener process 
w{s) in the space L2. 

Now fix m > 0. By Fernique's Theorem [23t Theorem 3.3.1], there 
exist Am, Cm > such that 



Eexp [\m\\wiT)\\l/T^ <Cm. 



Therefore by Doob's maximal inequality for infinite-dimensional sub- 
martingales [H Theorem 3.8. (ii)] we have 

E sup \\w{t)r^ < (^)'e ||^(T)||f^ < +00, (7) 
te[o,T] Vp-i/ 

for any T > 0, and p G (1, 00). 

1.3. Preliminaries. We begin by considering the free Burgers-type 
parabolic equation ([l]). Here, t > 0, x & = M/Z, and the viscos- 
ity coefficient satisfies u G (0,1]. The function / is C°°-smooth and 
strongly convex, i.e. it verifies ([2]). We also assume that its derivatives 
satisfy: 

Vm > 0, 3/i > 0, Cm > : If^'^Hx)] < 0^(1 + x G M, (8) 

where h = h{m) is a function such that h{l) =2 — 6, 6 > 0. Note 
that actually ^ yields that 5 G (0,1]. The usual Burgers equation 
corresponds to f{x) = 

The white-forced generalised Burgers equation is ([T| with i]^ = 
dw'^/dt, where w'^(t), t > is the Wiener process with respect to 
J^t defined above. 

Definition 1.2. We say that an H^-valued process u{t,x) = u'^{t,x) 
is a solution of the equation 

(i) For every t, u ^ u'^it, ■) is J^t-^^o-surahle. 

(ii) For a.e. (almost every) u, t W^it, ■) is continuous in and 
satisfies 

«-^(t) = m'^(O) - ^ (^z/LM'^(s) + ^5(M^)(s))c/s + w'^(t), (10) 
where 

B{u) = 2f'{u)u^] L = -dxx- 
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When studying solutions of ([9]), we always assume that the initial 
condition uq = u{0, ■) is C°°-smooth, a.s. (almost surely). For a given 
random initial condition, we obtain that ^ has a unique solution, i.e. 
any two solutions coincide for a.e. u. For shortness, this solution will be 
denoted by u. To prove this, we use the "mild solution" technique (cf. 
[ini Chapter 14]), a bootstrap argument, and finally uniform bounds 
of the same type as in Section |3| 

Since the forcing and the initial condition are smooth in space, upper 
estimates of the same type as those proved in Section [3] allow us to show 
that t I—)- u{t) is time-continuous in H"^ for every m, and 1 1— )■ u{t) — w{t) 
has a time derivative in C°° for all t, a.s. In this paper, we always 
assume that uq satisfies (|3]); consequently, u{t) satisfies ^ for all times. 

Solutions of (|9| make a time-continuous Markov process in H^. For 
details, we refer to [22|, where a white force is introduced in a similar 
setting. 

Now consider, for a solution u{t,x) of ([9]), the functional Gra{u{t)) = 



\u(t)\\'^ and apply Ito's formula P, Theorem 4.17] to (10): 



uml = \\uo\\l + tlm- / {2u\Hs)\\l^, + {L"^u{s), Biu){s)))ds 



+ 2 / (L'"u(s), dw{s)) (11) 





(we recall that = Tr{Qm)-) Consequently, 

|e \\uml = - 2uE \Ht)\\l^i - E {L-uit), B{u){t)). (12) 
As (m, B{u)) = 0, for m = this relation becomes 

^E|M(t)|' = /o-2z/E||«(^)||^ (13) 

1.4. Agreements. From now on, all constants denoted by C with sub- 
or superindexes are strictly positive and nonrandom. Unless other- 
wise stated, they depend only on / and on the distribution of the 
Wiener process w. By C(ai, . . . , a^) we denote constants which also 

ai,...,afc 

depend on parameters ai, . . . , a^. By X < F we mean that X < 
C{ai, . . . , afc)y. The notation X Y stands for 

ai,...,afc ai,...,afe 

Y < X < Y. 

In particular, X <Y and X ~ y mean that X < CY and C~^Y < 
X < CY, respectively. All constants are independent of the viscosity 
z/ and of the initial value Mq. 
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We denote by u = u{t, x) a solution of ^ with an initial condition 
uq. For simplicity, in Sections |3](6| we assume that uq is deterministic. 
However, using the Markov property we can easily generalise all results 
to the case of a random initial condition independent from w{t),t > 0. 
Indeed, for any measurable functional $(«(■)) we have 

£$(«(■)) = j E($(n(-))|n(0) = no)rf/iM, 

where /x(mo) is the law of uq. 

All estimates which hold for time t or a time interval [t, t+T] actually 
hold for time t + r or a time interval [t + T,t + t + T], uniformly in 
r > 0. Indeed, it is enough to consider the solution of ^ with initial 
condition u{t). We will refer to this argument as the "starting time 
argument" . 

We use the notation g~ = ma.x{—g,0) and = max(5f,0). For the 



meaning of the brackets {■}, see Subsection 6.1 

2. Formulation of the Main Results 
In Sections [3]j5l we prove sharp upper and lower estimates for a large 



class of Sobolev norms of m. A key result is proved in Theorem |3.1 
Namely, there we obtain that for k > 1, 

k ^ 

E ( max maxu^(s,a;)) < 1, t>l. (14) 

se[t,t+i] xe^i 



The main estimates are those in the first part of Theorem 5.1 There we 



prove that for m G {0, 1} and p G [1, oo] or for m > 2 and p G (1, oo], 
[fl E|n(.)Cj a>0, t>To + 2, T>To, (15) 

where 7 = max(0, m — 1/p), and Tq is a constant, depending on / and 
on the distribution of the process w. 

In Section [6] we obtain sharp estimates for analogues of quantities 
characterising hydrodynamical turbulence. In what follows, {■} denotes 



averaging in time and in ensemble (see Subsection 6.1). Although we 
only prove results for quantities averaged over a time period of length 
To, those results can be immediately extended to quantities averaged 
over time periods of length T > Tq. 

To begin with, we assume that u G (0,z/o], where z/q G (0,1] only 
depends on / and on the distribution of w. We define intervals 

Ji = (0, Ciz/]; J2 = {Ciu, C2]; J3 = {C2, 1] 

by analogy to ranges in the Kolmogorov 1941 theory of turbulence [14] . 
The constants Ci, C2, and uq can take any value, as long as C1/C2 is 
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large enough, and CiUq < C2. In particular, these assumptions ensure 
that the intervals Ji, J2, and J3 are non-empty and non-intersecting. 

The interval Ji corresponds to the dissipation range, i.e. for the 
Fourier modes k such that \k\~^ ^ Ciz/, {jw'^P} decreases super- 
algebraically in k. The interval J2 corresponds to the inertial range, 
where averaged quantities such as the energy spectrum 



S|n|e[M-iA:,Mfc] 1"^ 
S|n|e[M-ifc,Mfc] ^ 



n\2 



behave as a negative degree of k. Here M > 1 is a constant depending 
only on / and the distribution of w. The boundary Civ between these 
two ranges is the dissipation length scale. Finally, the interval J3 corre- 
sponds to the energy range, i.e. the sum E{|'u'^p} is mostly supported 
by the Fourier modes corresponding to \k\~^ G J3: 

E {iflT}>^E{i«'n- 

\k\<c:^^ kai 

The proportion of energy contained in the modes from J3 actually tends 
to 1 when C2 tends to 0, uniformly in v. Now consider the averaged 
moments of increments in the variable x for the flow u{t, x): 

SpM = {{J + ^) - u{x)\Pdxyy a>0, 0<i<l. 

In particular, Sp^i{i) is (up to averaging) the structure function of p-th 
order and is denoted by Sp{i). As the first application of estimates 



(14 15), in Section [6] we obtain sharp estimates for the quantities Sp^, 
Namely, by Theorem |6.9[ for ^ E Ji. 

^P, < J9 < 1. 



p,a 



and on the other hand for £ G J2: 



^ap^-aip-l)^ p > 1, 

< j9 < 1. 

r, p>i. 

Consequently, for £ E J2 the flatness function F{i) = S^i^t) / S^^t) satis- 
fies F{C.) ~ Thus, solutions u are highly intermittent in the inertial 
range (see [E]). 

On the other hand, we obtain estimates for the spectral asymptotics 
of Burgulence. Namely, for all m > 1 and G Z, 7^ we have: 

m 

{|^T} < {kvY^'^v, 
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and for k such that k^^ G J2, 

EHe[M-i.,M.]l^"P yj . a>0. 

E|n|e[M-lfc,MA;] ^ J ) 

In particular, in the inertial range the energy spectrum satisfies E{k) ~ 

Finally, in Section [7| we observe that since ^ admits a unique sta- 
tionary measure /i, then all estimates listed above still hold if we replace 
the brackets {■} with averaging with respect to fi. 

3. Upper Estimates for Sobolev Norms 

The following theorem is proved using a stochastic version of the 
Kruzkov maximum principle (cf. [IS]). Note that in all results in Sec- 
tions[3]j6| quantities estimated in space for fixed t, u, such as max^.gs'i 
or Sobolev norms, may be replaced by their suprema over all smooth 
initial conditions. For instance, the quantity 

E max \u(s)\mp 

s&[t,t+l] 

may be replaced by 

E max max \u(s)\mv 
se[t,t+i] «oeC°° " 

Theorem 3.1. Denote by Xf the random variable 

Xt = max maxM^-fs, x). 

s&[t,t+i] xe5i 



For k > 1, we have 

EXf<l, t>l. 

Proof. We take t = 1, denoting Xt by X, since by the "starting 
time argument" the general case t > 1 is proved in the same way. 

Consider the equation ^ on the time interval [0,2]. Putting v = 
u — w and differentiating once in space, we get 



Consider f (t, x) = tvx{t, x) and multiply ( 16 ) hy t . For t > 0, v verifies 



tvt-v + f"{u){v + tw^f + tf{u)vx + t^f'{u)Wxx 
= l^tv^x + I't'^Wxxx- (17) 

Now observe that if the zero mean function v does not vanish identically 
on the domain S = [0, 2] x S^, then it attains its positive maximum N 
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on S" at a point (ti,xi) such that ti > 0. At (ti,xi) we have Vt > 0, 
Vx = 0, and Vxx < 0. By (17), at (ti,Xi) we have the inequahty 

f"{u){v + tWxf <V- t^f{u)Wxx + ^eWxxx- (18) 

Denote by A the random variable 

A = max \ w(t)\r3. 

te[o,2] 

Since for every t, tv{t) is the zero space average primitive of v{t) on 
S^, we get 

max \tu\ < max (\tv\ + \tw\) < N + 2A. 
te[o,2], x&s^ te[o,2], xesi 



Since h{l) = 2 — 5 in (jSj), then we obtain that 

max \t'^f'(u)wxx\ < At^ max t^-\\u\ + 
te[o,2], xe5i te[o,2], I'S^i 

<CA((iV + 2A)2-^ + l). 

From now on, we assume that > 2A. Since u G (0, 1] and /" > a, 
then the relation ( [l8| yields 

a(A^ - 2A)2 < + CA(Ar + 2A)^-^ + CA. 

Thus we have proved that if A^ > 2A, then A^ < C{A + 1)^/^ Since 
by ([T]), all moments of A are finite, then all moments of A^ are also 
finite. By definition of v and S, the same is true for X. This proves 
the lemma's assertion. □ 

Remark 3.2. Actually, using an infinite- dimensional version of the 
supermartingale inequality (see [9j Lemma 10.15], [211 Section 2.9]), 
we can prove that there exist /3, > such that 

Eexp(/3Xf ) < Eexp (/3'(max |«;(t)|c3 + 1)^) < 1, t > 1- 
Corollary 3.3. For k > 1, 

k 

E max |M(s)|ti < 1, t > 1. 

s&[t,t+l] 

Proof. The space average of Ux{s) vanishes identically. Therefore 

/ \ux{s)\ = 2 (m^(s))+ < 2maxM^(s,x). □ 
Corollary 3.4. For k > 1, 

k 

E max |m(s)|J<1, pE [1,oo], t>l. 
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Now we recall a standard estimate of the nonlinearity {L^u, B{u)) 
(see Subsection 1.3 for the definitions of L and B). 

Lemma 3.5. For w G such that \w\^ < N , we have 

NUw) = \{L"^w,Biw))\ < C \\w\l^ \\w\\^^, , m > 1, 

with 

C' = CUl + Nr\ (19) 
where Cm, as well as the natural number n' = n'{m), depend only on 



m. 



Proof. Fix m > 1. Let C denote various strictly positive constants 
of the form (19). We have 

NmM = 2 1(^(2™)^ (/(^))(^)>| = 2\{w^^+'\ (/(^))(™)>| 



III, n 

k=l l<ai<-<ak<m'^ 
ciiH hafc=»Ti 

m „ 
<CM\f\c^i[-N,N])Yl Yl / 



k=l l<ai<---<ai^<m ' 
ilH hiife=m 



By (8j), |/lc;m([_jv AT]) has an upper bound of the form (19). Using first 



Holder's inequality and then Lemma 1.1, we get 



m 

k=l l<ai<---<ai^<m 

cil-i hafe=m 

m 



2ml a] 



. . .\W 



("fc) I 



\W 



2ml au II llm+1 j ' 



\W\ 



ct\lm I \(m—a\)lm\ 

\w\ 



X \\W\ 



k=\ l<ai<---<aj.<m 
aiH l-ak=m 

akim I |(m-afe)/m\ 



\W 



<C'(1 + \w\ 



\»Tl— 1 



The following upper estimate of E ||'u(t)||^ holds uniformly for t > 2. 
Lemma 3.6. For m>l, 

m 

EHt)\\l<u~^'"'-'\ t>2. 
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Proof. Fix m > 1. We will use the notation 

xis) = E\\uis)\\l; yis) = E\\uis)\\l_^,. 

We take t = 2; the general case follows by the " starting time argument" . 
We claim that for s E [1,2] we have the implication 

x{s) > C'ly-^^""-^^ =^ 
^x{s) < -{2m - (20) 

where C" > 1 is a fixed strictly positive number, chosen later. Below, 
all constants denoted by C are strictly positive and do not depend on 
C, and we denote by Z the quantity 



Indeed, assume that x{s) > Z. By (12) and Lemma 3.5, we have 
< - 2uE \\u{s)\\l^, + Ce((1 + \u{s)\J-' Ms)\\^ 



with n' = n'{m). Since by Lemma [l . 1 1 applied to Ux, we get 

|(2m- 
I m+l 



then 

^x(.) < - 2uE Hs)\\l^, + Ce((1 + |^(.)|,,J"'+2/(2-+i) 

Thus by Holder's inequality and Corollary |3.3| we get 
d 
ds 



-X{S) < ( - 2z/(y(s))^/(2m+l) ^ (^(^))2m/(2m+l) ^ 



On the other hand, (21), Holder's inequahty, and Corollary 3.3 yield 

x{s) < C(i/(s))(2™-i)/(2™+i)(e|m(s)|?,i)2/(2™+i) 
<C(i/(s))(2™-i)/(2™+i)^ 

and thus 

Consequently, since x {s) > tt^gj^ for c' large enough we 

have 

^X(S) < (_CC'l/(2™-l) + C) (x(s))2™/(2— 1) + 

as 
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Thus we can choose C in such a way that (20) holds. 
Now we claim that 

x{2) < Z. 



(22) 



Indeed, if x{s) < Z for some s G [1,2], then the assertion (20) ensures 
that x{s) remains below this threshold up to s = 2: thus we have 



proved (22) 



Now, assume that x{s) > Z for all s G [1, 2]. Denote 

(x(.))"i/(2™-i), .G[l,2]. 



xis] 



Using the implication (20) we get dx{s)/ds > 1. Therefore x{2) > 1. 
As u < 1 and C > 1, we get x(2) < Z. Thus in both cases inequality 
(22) holds. This proves the lemma's assertion. □ 



Corollary 3.7. Form > 1, 



E \\u 



rn,k 

k < ^-fc{2m-l)/2 



> 1, t > 2. 



Proof. The cases k = 1,2 follow immediately from Lemma 3.6 



For A; > 3, we consider only the case when k is odd, since the general 
case follows by Holder's inequahty. Setting N = ((2m — l)k + l)/2 and 



applying Lemma 1.1, we get 



\u 



m,k 
k ^ 

m ~ 



\U 



N 



Therefore, by Holder's inequality. Lemma 3.6[ and Corollary 3^ we get 



m,k 



E||«(t)t < (E||«(t)||^)V2(E|t.(t)|f-^)V2 



m,k 



-fc(2m-l)/2 



□ 



Lemma 3.8. Form > 1, 



III, 

E max ims)||,^<z.-(2-i), t>2. 

Proof. We begin by fixing m > 1. As previously, we take t = 2. 
In this proof, the random constants Oj, z = 1, 2, 3 are strictly positive 
and have finite moments. 



By (11), for s > 2 we have 

|2 



Hs)r^=\\u{2)i 



-2^^ \Hs')\\i+i - {L'^uis'), Biu)is')) + Im) ds' 



+ j 2{L"'u{s'), dw{s')). 



(23) 
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Corollary 3^ and Lemma 3^ yield that 

max K.')li,i<ei; \\u{2)\\l < 

s &[2,,i\ 



(24) 



respectively. By the same method as in the proof of Lemma 3.6 
show that: 



we 



\u[s 



/M|2 



-2v\\u{s')\\l_^^~{L^u{s'), B{u){s'))+Im<^. (25) 

Here 03 satisfies 63 = C(l + 61)"', where C,n' depend only on m. 
Now consider the random time moment r defined by 



r = {inf.G[2,3]:||w(.)t>e3Z.- 



-(2m-l) 



}• 



By convention, r = 3 if the set in question is empty. Relations (23 25) 
yield that 



max ||m(s)||^ < ||M(r)||^+ max 
< max(e2, e3)z/-(2'"-^) + 4 max 

se[2,3] 



2(L'"m(s'), dw{s')) 
(L™m(s'), dw{s')) 



(26) 



max 

se[2,3] 



To complete the proof, it remains to estimate the expression 

(L'"u(s'), dw{s')) 

in the right-hand side of (26). Denote by S,{s) the stochastic integral 

i{s) = j\L^u{s'), dw{s')). 

By the Burkholder-Davis-Gundy inequality [HI Theorem 3.14.] and 
Lemma [3l6] we get 



E max |^(s)| < E max ^(s) + E max(-^(s)) < c(e{{0) 



se[2,3] 



se[2,3] 



C E 



6 [2,3] 



{nis),Quis)) 



2,3] 



1/2 



1/2 



< C(max /„E \Hs)\\ly/' < Ciy-'-^'^''''/' . 



(27) 



Here, {{C,))[2,3] denotes the quadratic variation of C, over the time interval 
[2,3]. We recall that Q is the operator defined in Subsection 1.2, and 
that Im = Tr Q\Hm- Relations (26) and (27) imply that 

E max \\u{s)\\l^ < Emax(e2, e3)z/-(2'^-i) + Cz/-(2'"-i)/2, 

se[2,3] 

which proves the lemma's assertion. □ 
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Repeating the proof of Corollary 3^ we get that for m > 1, 

E max \\u{s)\\l < u'k(2m-i)/2^ ^ > ^ > 2. (28) 
se[t,t+i] 

Denote 7 = max(0, m — 1/p). 

Theorem 3.9. Form G {0,1} and p G [l,+oo], or for m > 2 and 
P e (1,00], 

l/a m,p,a 

'E max \u(s)\Z.] < z/"^, a > 0, t > 2. 



s&[t,t+l] 



'Tn,p 



Proof. We consider only the case when a is an integer: the general 
case follows by Holder's inequality. 

For m > 1 and p G [2, 00], we interpolate \u{s)\^p between 



and By Lemma 1.1 we have 



K^)i::.,p<(H^)ID^-'(IK^)C+X ^ = 1-1- 

z p 



Then we use (28) and Holder's inequality to complete the proof. 



We use the same method to prove the cases m = 1, p G [1,2], com- 



bining the inequality (28) and Corollary 3.3 We also proceed similarly 
for m > 3,p G (1,2), combining Corollary 3.3 and an estimate for 
IImII^p for a large value of M and some p >2. 



Finally, the case m = follows from Corollary 3.4[ □ 



Unfortunately, the proof of Theorem |3.9| cannot be adapted to the 



case m > 2 and p = 1. Indeed, Lemma l.l| only allows us to estimate 
a W"^'^ norm from above by other W"^'^ norms: we can only get that 

II I I (m— A;)/(?i— fc) I \(n—m)/(n—k) n, ^ i ^ ^ 

\w\m,\ < \w\n,\ FIm 0<fc<m<ra, 

and thus the upper estimates obtained above cannot be used. However, 
\u\m,\ < iMlm.i+z? for any /3 > 0. Consequently, the theorem's statement 

holds for m > 2 and p = 1, with 7 replaced by 7 + A, and < replaced 
by < , for any A > 0. 



4. Lower Estimates for Sobolev Norms 

For a solution u{i) of ([9]), the first quantity that we estimate from be- 
low is the expected value of /f'^^ [[""(-s)!!!; where T > is sufficiently 
large. 



TURBULENCE IN WHITE-FORCED GENERALISED BURGERS EQUATION. 17 

Lemma 4.1. There exists a constant To > such that we have 



1 



T+l 



^\Hs)\\i>v-\ T>To. 



Proof. For T > 0, by (jlSj) we get 

i-T+l 

E \u{T + 1)1' > E(|u(T + 1)1' - |u(l)|') =Th-2u j E ||u(s)||;. 
On the other hand, by Corollary |3.4| there exists a constant C" > 



such that E \uiT + < C . Consequently, for T>Tq:= (C" + 1)//o, 
1 f^^^ ^ ,...2^TIq — C' _i Jo _i 



, E\\u(s)\\;>— —u-'>—^ — , 

Til " ^ ^"^ - 2T - 2{C' + 1) 

which proves the lemma's assertion. □ 

This time-averaged lower bound of the norm yields similar 
bounds of H"^ norms for m > 2. 

Lemma 4.2. For m>l, 
1 



T 



Proof. By the "starting time argument", we can take t = 1. Since 
the case m = 1 has been treated in the previous lemma, we may assume 
that m > 2. By Lemma 1.1 Holder's inequality, and Corollary |3.3 



we 



have 

m 

{E\\u{s)\\ir-'''> < {E\\u{s)\OiEHs)\l,r'--'^ (29) 

<^Ms)\\l. 



Integrating (29) in time, we get 

"T+l rn. 1 rT+l 



T 



mn{s)\t>- {E\\u{s)\\lf--'^ 

>(^/ mu{s)\\t) 
Now the theorem's assertion follows from Lemma 14.11 □ 



The following two results generalise Lemma |4.2[ We recall that 7 
max(0, m — 1/p). 

Lemma 4.3. For m = and p = 00, or for m > 1 and p E [l,oo], 

1 /■*+'^ „ rn,p 

f / EK.)|^^^ > t>2,T>To. 
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Proof. In the case m = 1, p > 2, it suffices to apply Holder's 
inequality in place of Lemma lA in the proof of an analogue for Lemma 



In the case m > 2, the proof is exactly the same as for Lemma 4.2 



The only problematic case is p = 1, since then Lemma 1A_ does not 
allow us to estimate |m(s)|^p from below using and ||M(s)||f. 

However, it suffices to observe that > \u{s)\^_-^^ ^. 

Now consider the case m = 1, p G [1,2). By Holder's inequality we 
have 

EK.)|?^>(-/ E||n(.)||f 



X I E\u(s 



T 



I l,oo 



Using Lemma 4.1| and Theorem 3^, we get the lemma's assertion. 
We proceed similarly for the case m = 0, p = oo. Indeed, by Lemma 
we have oo — ^ \''^i^)\2^^^ lemma's assertion 



1.1 

tollows from Holder's inequality, the case m = 1, p = oo, and Theorem 



K9[ □ 

Lemma 4.4. For m = and p = oo, or for m > 1 and p E [1, oo 

1 ft+T \la m,p,a 



E|n(.)C^pj > a>0, t>2, T>To. 

Proof. As previously, we may assume that p > 1. The case a > 2 
follows immediately from Lemma 4.3 and Holder's inequality. The case 
a < 2 follows from Holder's inequality, the case a = 2, and Theorem 



3.9 (case a = 3), since we have 



1 /"^^^ / 1 /"^^^ o \ 3-a 



T 



Now we prove that for every p G [1, oo), in a certain sense, E\u\p is 
large if and only if E|u|oo is large. 

Lemma 4.5. Fort > 1, denote by A the quantity E|M(t)|^. Then there 
exists a constant C > such that for p G [1, oo] we have 

~giA) := min (^^, ^) < E\uit)\l < A. 
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Proof. We may take p = 1. Denote by / the quantity 

/ = mm{^/A/2C', 1), 



where C is the upper bound for E in the statement of Theorem 3.1 
Consider the random point where \u{t, ■) \ reaches its maximum. 

If this point is not unique, let x be the leftmost such point on 
considered as [0, 1). Let / be the interval [x,x + I] if u{t,x) < 0, and 
the interval [x — l,x] if u{t,x) > 0, respectively. We have 



E\u{t)\l > E I j\u{t, 



y)\dy 



>E I /| \u{t)\^ ^ ' 

> f (^E\u{t)\l - ^^E((maxM.(t))' 
By definition of A, C", and /, we get 



Finally we prove the following uniform lower estimate. 

Lemma 4.6. We have 

E\u{t)\l>l, t>To + 2, [l,oo]. 

Proof. We can take p = 2. Indeed, the case p G (2, oo] follows 
immediately from the case p = 2. On the other hand, the case p G [1, 2) 
follows from Holder's inequality, the case p = 2, and the estimate for 



Ej-ul^ in Theorem 3.9, in the same way as in the proof of Lemma 4.4 



Let C denote various strictly positive constants. From Lemma 4.4 



(case m = and p = oo), it follows that for some t in [2,To + 2] we 



have E\u{t)\l^ > C . Then by Lemma |4.5| we get E\u{t)\^ > C. Thus 
it suffices to prove that 

E|M(t)P < K ^ — E|M(t)P > 0, t>2, 
at 

where k is a fixed strictly positive number, chosen later. 



If E|-u(t)p < K, then by Lemma 4.5, E\u(t)\l^ < g'^{n). On the 
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other hand, by Holder's inequahty and Lemma LI, we have 
E|mt)||?<(EKt)|?,^)i/2(E|n(t)|?,,)i/2 



Therefore, by Theorem 3.9, E < C'{g '^{K)y^^u and thus by 



(13), we get: 

|E|n(t)p>/o-2C"(r'(K))V4. 

Since ^~^(k) — > 0, choosing k small enough so that 2C"(^^^(/t))^/^ < 
Iq proves the lemma's assertion. □ 



Since |u(t)|i_i > \u{t)\ao, an analogue of Lemma 4.6 also holds for 

5. SoBOLEV Norms: Main Theorem 
The following theorem sums up the main results of Sections [3]j4l with 



the exception of Theorem 3.1 We recall that 7 = max(0, m — 1/p). 

For m and p such that '-y{m,p) = 0, the lower estimates for a < 2 
are obtained from Holder's inequality, the lower estimates for a = 2, 
and the upper estimates for a = 3 in the same way as in the proof of 



Lemma 4.4 The lower estimates for a > 2 follow immediately from 



the lower estimates for a = 2. 

Theorem 5.1. For m G {0,1} and p G [1,C)o], or for m > 2 and 
p G (1,00], 

(^^*^'^E|n(.)C^)'^""^^'%-^ a>0, t>To + 2, T>To. (30) 

Moreover, the upper estimates hold with time-averaging replaced by 
maximising over [t, t + 1] for t > 2, i.e. 



/ \ l/a rn,p,a 

E max Ks)CJ < a>0,t>2. 



1/a m,p,a 

\uis)\1J 

On the other hand, the lower estimates hold for all m,p. The asymp- 



totics (30) hold without time- averaging if m and p are such that 



7(m,p) = 0. Namely, in this case, 

1/a 



(EKt)C,) '"^'"l, a>0, t>To + 2. 

Finally, note that all these estimates hold if we replace Sobolev norms 
with their suprema over all smooth initial conditions. 
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This theorem yields, for integers m > 1, the relation 

{\\u\\l}-i^-''-~'\ (31) 
By a standard interpolation argument (see ds])) the upper bound in 



(31) also holds for non-integer numbers s > 1. Actually, the same is 



true for the lower bound, since for any integer ri > s we have 

6. Estimates for Small-Scale Quantities 

In this section, we estimate small-scale quantities which characterise 
Burgulence in physical space (increments, flatness) as well as in Fourier 
space (energy spectrum). 

6.1. Agreements and Notation. In this section, we fix t satisfying 
t > Tq + 2. Its precise value is not important, since all estimates in 
Sections [3]j5] hold uniformly in t provided that t > To + 2, and the same 
is true for all estimates in this section. 

For a random function A'^{s), we denote by {^4} the average of A in 
ensemble and in time over [t, t + Tq], Tq being the same as in Theorem 
EH 

1 rt+To 

{A} = E— / A'^{s)ds. 



To Jt 

We assume that z/ < z/q. Next, we define the intervals 

Ji = (0, Ciu]; J2 = {C,u, C2]; J3 = (C2, 1]. (32) 

In other words, Ji = {i : < i < u}, = {£ : u < i < 1}, 
J3 = {£ : £ ~ 1}. In terms of the Kolmogorov 1941 theory of turbulence 
(cf. [E]), Ciz/ corresponds to the dissipation length scale, while Ji, J2, 
and J3 correspond to the dissipation range, the inertial range, and the 
energy range, respectively. 



The strictly positive constants Ci, C2, and uq will be chosen in (42) 
Actually these constants can take any value, provided 



.2 . C'l ,1 



Ci < K~y4; < < — . (33) 

(^2 ^0 



Here, is a strictly positive constant, chosen in (41). Note that the 



intervals defined by (32 33) are non-empty and do not intersect each 
other for all values of u E (0, z/q]. 

The constants Ci and C2 can be made as small as desired. On the 



other hand, by Theorem 5.1 we have {Iwp} ~ 1 and (after integration 
by parts) {Iw^p} < ;^}/(27rn)^ ~ 1/n^. We recall that we denote 
by -u" the complex Fourier coefficients of u. Thus, the proportion of 



22 ALEXANDRE BORITCHEV 

the sum El-u^p contained in Fourier modes corresponding to J3 tends 
to 1 as C2 tends to 0, uniformly in u. For instance, we may assume 
that 

For p, a > 0, we consider the quantity 

SpA^) = {{J Hx + i) - uix)\Pdx^' 

The quantity Sp^i{i) is denoted by Sp{i): it corresponds (up to aver- 
aging) to the structure function of p-th order, while the flatness F{i), 
given by 

F{i) = S,{i)/Sl{i), (34) 

measures spatial intermittency (see [1^). Finally, for A; > 1, we define 
the (layer-averaged) energy spectrum by: 



The constant M > 1 will be chosen in the proof of Theorem 6.13 



6.2. Results in Physical Space. We begin by proving upper esti- 
mates for the functions S'p^Q,(£). In the proofs of the two following 
lemmas, constants denoted by C depend only on p, a. 

Lemma 6.1. For a > and I e [0, 1], 

p,a ( < J9 < 1. 

SpA^) ~ { ^ap^-aip-l)^ p> I. 

Proof. We begin by considering the case p > 1. We have 

spA^) = { ( + ^) - <^wd^y} 

< ^(^max\u{x + i) — u{x)\P~^ \u{x + i) — u{x)\dx^ |. 
By Holder's inequahty we get 

SpA^)<{{[ Hx + i) ~ u{x)\dxy''y 



'si 

X <! max \u(x + £) — u(x)\"p 



ap|l/p 

(p-i)/p 
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Since the space average of u{x + £) — u{x) vanishes, we obtain that 



<U2 I {u{x + i)-u{x))^dxy^y^'' 
X < max \u{x + i) — u{x)\"^ > 



<Cr\ max\u(x + i) -u(x 



J 



(36) 



where the second inequahty follows from Theorem 3.1 Finally, by 



Theorem 5.1 we get 

SpA^)<cr\{i\u\i,ooj J 



ap I 



The case p < 1 follows immediately from the case p = 1 since now 
Sp,a{^) < Si^api^), by Holder's inequality. □ 

For £ G J2 U J3, we have a better upper bound if p > 1. 

Lemma 6.2. For a >0 and £ e J2 U J3, 

p," ( r^, 0<p<l. 
~ \r, p> 1. 

Proof. The calculations are almost the same as in the previous 
lemma. The only difference is that we use another upper bound for the 



right-hand side of (36). Namely, we have 



Sp,a{i) < Cr\ max \u{x + £) - u{x)\ 



(p-i)/p 



where the third inequality follows from Theorem 5.1 □ 



To prove lower estimates for Sp^ai^), we need a lemma. Loosely 
speaking, this lemma states that with a probability which is not too 
small, during a period of time which is not too small, several Sobolev 
norms are of the same order as their expected values. Note that in 



the following definition, (37 38) contain lower and upper estimates, 
while (39) only contains an upper estimate. The inequality |'u(s)|oo < 



ma2cUx{s) in (37) always holds, since u{s) has zero mean value and the 
length of is 1. 
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Definition 6.3. For a given solution u{s) = u'^{s) and K > 1, we 
denote by Lk the set of all (s, u) G [t,t + Tq] x VL such that 

K'^ < \u{s)\oo < maxu^(s) < K (37) 

K-\-^ < |m(s)|i,oo < Kv^^ (38) 

\u{s)\2,oo < Kv-\ (39) 

Lemma 6.4. There exist constants C,Ki> Q such that for K > Ki, 
p{Lk) > C . Here, p denotes the product measure of the Lebesgue 
measure and P on [t, t + Tq] x Q. 

Proof. We denote by Ak, Bk, and Dk the set of {s,co) satisfying 
"The upper estimates in (37 39) hold for a given value of K" , 



"The lower estimates in (37 38) hold for a given value of K" , 

and 



" The lower estimate in ( 38 ) holds for a given value of K" , 
respectively. 

Now note that for K < K', C L^', and similarly for A^, B^, 
and Dk- 



By Lemma LI we get ImIoo > C"|'w|2 Ll""!? oo ^^r some constant C > 
0. Thus, for K > max(C", l)K^, we have Ak(^Dk C Bj^, and therefore: 
AkHDk C AjinBji = Lj^. 

Consequently: 

p{L^)>piAK)+p{DK)-l. 
By Theorem 3.1, Theorem |5. If and Chebyshev's inequality, the measure 
of the set tends to Tq as K tends to +oo. So to prove the lemma's 
assertion, it remains to show that there exists C > such that for 
K large enough we have p{Dk) > C. Using the upper estimate for 



{I'^lioo} Theorem 5.1, we get 

{|n|i,ool(|M|i,oo > KW')} < CK-'u-\ 

Here, 1{A) denotes the indicator function of an event A. On the other 
hand, we clearly have 

{|m|i,oo1(|m|i,oo < K-^i^-^)} < K-^y-\ 
Now consider the function 

The lower estimate for {ImIi.oo} in Theorem 5.1 and the relations above 
yield 



{g} >iC- CK,' - K,')u-' > C,v-\ 
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for suitable constants Kq and Cq. Since g < Kqu^^, we get 

p{g > C0Z/-V2) > CoK,'To/2. 

Since g < |u|i^oo, then 

p(|m|i,oo > CoU-'/2) > 

which imphes the existence of C, Ki > such that p{Dx) > C for 
K>Ki. □ 

Corollary 6.5. For K > Ki and v < K^^ , the assertion of Lemma 



6.4 with (38) replaced by 

K'^v'^ <-mmu^<Ku-^ (40) 
still holds for the modified set Ok- 



Proof. For K = Ki and v < K^^^ the estimates (37 38) tell us that 
for (s, uj) G Lk, 

maxMa.(s) < Ki< K^^u''^ < \u^{s)\oo- 



Thus, in this case the assertion of Lemma 6.4 with (38 ) replaced by (40 ) 
holds for the set Ok = Lk- Finally, we observe that since increasing 
K while keeping u constant increases the measure of Ok, then the 
corollary's statement still holds for K > Ki and u < K^^ . □ 

Now we fix 

K = K^, (41) 

and choose 

° 6 ' 4 ' ^ 20 ^ ' 

In particular, we have < Ciz/q < C2 < 1: thus the intervals Ji are 
non-empty and non-intersecting for all v G (0,z/o]. Everywhere below, 
the constants depend on K. 

Actually, we can choose any values of Ci, C2, and z/q, provided 

4 62 
Lemma 6.6. For a > and t G Ji, 

r^, < p < 1. 
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Proof. By Corollary 6^, it suffices to prove that the inequalities 
hold uniformly for {s,lo) G Ok with Sp^a{£) replaced by 

\u{x + i) — u{x)fdx 

The general case clearly follows from the case a = 1. Till the end of 
the proof we assume that 

(s,u) G Ox- 



Case p > 1, a = 1. Denote by z the leftmost point on (consid- 
ered as [0, 1)) such that u'{z) < —K~^i/~^. Since |m|2,oo < Ku^'^, we 
have 

u'{y)<-^K-'u-\ ye[z-^K~'u,z + ^K-'u]. (43) 
Since i < Civ = ^K"^^, then by Holder's inequality we get 



\u(x + i) — u(x)\^dx > 



\u{x + — uixM^dx 



i-p 



4 



z+\K~'^u 



u{x + tj — u{x)\dx ^ 
u'{y)dy^ dx^^ 
iR-^u-^ dxY = C{py-PF. 



Case p < 1, a = 1. By Holder's inequality we get 

\u{x + i) - u{x)\Pdx > / (^{u{x + £) - u{x)yy dx 



51 

{u{x + i) - u{x)y^ dxY (^J {u{x + £) - u{x)ydx 



2-p 



Using the upper estimate in (37) we get 



\u{x + ^) — u{x)\^dx 



> 



n2 T^2 



K^dx 



SI 



p-1 



{u{x + t) — u{x))^dx 



2-p 
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Finally, since /^i («(■ + i) — «(■)) = 0? obtain that 

\u{x + £)- uix) \Pdx > C{p)f^P-^^ (^^ j \u{x + u{x)\dx^ 

The last inequality follows from the case p = 1, a = 1. □ 



Remark 6.7. To prove this lemma, we do not need Corollary 6.5 . 
Indeed, in its proof we could have considered z such that \u'{z)\ > 
K'^v'^: Lemma 6.4 guarantees its existence. 



The proof of the following lemma uses some arguments from |2j: 
these arguments can be made rigorous if we restrict ourselves to the 
set Ok- 

Lemma 6.8. For a >0 and i e J2, 

rr^, 0<p<l. 

SpA^) ~ |r, p> 1. 

Proof. For the same reason as in the previous proof, it suffices 
to prove that as long as {s,u) belongs to Ok, the inequalities hold 
uniformly for p > 1, a = 1 and for SpA^) replaced by 

\u{x + — u{x)\^dx. 

Once again, till the end of the proof we assume that (s,u;) G Ok- 
Defining z in the same way as previously, we have: 



\u{x + i) — u{x)\^dx > 

u'~{y)dy- I u'^{y)dy 



dx. 



We have ^ > Ciu = \K''^v. Thus, by (43), for x e[z - U, z] we get 



J u'-{y)dy> J u'-{y)dy>-K 



-3 



On the other hand, since £ < C2, then using the lower estimate in (37) 
we get 



j^\'^{y)dy<C2K<^K-\ 
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Thus, 



I^Juix + i)-u{xWdx>^-i(^(^^-^)K~'^ >C{p)L □ 

Summing up the resuhs above we obtain the following theorem. 
Theorem 6.9. For a>0 and i e Ji, 

rp, < j9 < 1. 

On the other hand, for a > and £ G J2, 

rp, o<p<i. 



p>l. 



The following result follows immediately from the definition (34) 
Corollary 6.10. For i e J2, the flatness satisfies F{i) ~ 



6.3. Results in Fourier Space. By (31), for m > 1 we have 

{\u'\'} < {27rkr'-{\\u\\l} " {ku)-'-u. 
Thus, for \k\ >z u~^, {I'^'^'P} decreases super-algebraically. 

Now we want to estimate the H'^ norms of u for s G (0,1) (the case 



s = is a particular case of Theorem 5.1 ). 
Lemma 6.11. We have 

{||^IIV2} ~ \ ^Ogv\. 

Proof. By ^ we have 
Consequently, by Fubini's theorem, 



1/2 
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and 



J2 



di 



C2 



Cit/ 



£2 



di ~ I log z/| 



respectively. Finally, by Lemma 6.2 we get 



< ccf < c. 



Thus, 



klli/2} ~ llog^l- n 



The proof of the following result follows the same lines. 
Lemma 6.12. For s G (0, 1/2), 

{Ml} -I. 
On the other hand, for s E (1/2, 1), 



The results above and the relation (31) tell us that {I'u'^P} decreases 
very fast for \k\ > u'^, and that for s > the sums I^P^'ll^'^P} have 
exactly the same behaviour as the partial sums ^|fc|<y-i in 
the limit u — O'^. Therefore we can conjecture that for \k\ < u'^, we 
have {I'u'^P} ~ 

A result of this type actually holds (after layer-averaging), as long 
as \k\ is not too small. To prove it, we use a version of the Wiener- 
Khinchin theorem, stating that for any function v E L2 one has 

\v{- + y) - v{-)\^ = 4Y,sm\7Tny)\v"\\ (44) 
Theorem 6.13. For k such that k^^ e J2, we have E{k) ~ k^'^ . 



Proof. We recall that by definition (see (35)) 

S|n|e[M-l/c,Mfc] 



E{k) 



S|n|6[A^-lA:,Mfc] ^ 



Therefore proving the assertion of the theorem is the same as proving 
that 

~ k. (45) 

|n|e[M-i/c,Mfc] 
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The upper estimate is an immediate corollary of the upper estimate 
for in Theorem 5.1 and holds without averaging over n such that 
\n\ G [M~^k, Mk]. Indeed, integrating by parts we get 

{\u^?}<n-Wu,\l}<Cn-\ 

which proves the upper bound. Also, this inequality implies that 

n2{|M"|2} < CM-ifc (46) 

|n|<M-lfc 

and 

< CM-iA;-\ (47) 

\n\>Mk 

To prove the lower bound we note that 

^'{l^"r}>^ Y sin2(^^A;-^){|n"|2} 

\n\<Mk ^ \n\<Mk 



neZ \n\>Mk 



Using (|44j) and (|47j) we get 



\n\<Mk 

> ^{S2{k-')-CM~'k-'). 
Finally, using Theorem |6.9| we obtain that 

Y ^ {C-CM-^)k. 

\n\<Mk 



Now we use (46) and we choose M > 1 large enough to obtain (45). 

□ 

Remark 6.14. We actually have 



~ A;"^", a > 0. 



J2\n\e[M'^k,Mk] ^ 



The upper bound is proved in the same way as previously, and then the 
lower bound follows from Holder's inequality and the lower bound in 
Theorem \6.1^ 
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7. Stationary Measure and Related Issues 

In this section, we briefly discuss the stationary measure of Q. More 
details will be given in a future publication. 

Since Q is a well-posed SPDE, its solutions form a Markov process, 
which induces a semigroup 5*^ on H^. Now consider the correspond- 
ing semigroup S** acting on probability measures on H^. A stationary 
measure is a probability measure on invariant by for every t. 
A stationary solution is a solution u{t,x) of ^ such that the law of 
u(t, ■) does not depend on t, for t > 0, and thus is a stationary measure 

for g. 

Existence of a stationary measure for ([9]) is proved using the 
Bogolyubov-Krylov argument (see [22]). 

On the other hand, for two different initial conditions the distance 
between the corresponding solutions of (|9]) in Li is nonincreasing. Using 
some additional estimates on solutions and then applying Theo- 
rem 3.1.3.], we show that this contraction property implies uniqueness 
of the stationary measure /i. Moreover, for any uq the distribution of 
u{t, ■) converges to as t — t- +oo, uniformly in uq. In particular, is 
supported in C°°. 

Estimates in the previous sections hold, in particular, for a station- 
ary solution of (|9]). Indeed, it suffices to consider an initial condition uq 
with distribution /x. It follows that those estimates still hold when aver- 
aging in time and in ensemble (denoted by {■}) is replaced by averaging 
solely in ensemble. That is, by integrating with respect to /i. Namely, 



Theorem 5.1 Theorem 6.9 and Theorem 6.13 imply, respectively, the 



following results. 

Theorem 7.1. Form G {0,1} and p G [1,oo], or for m > 2 and 
P e (l,oo], 

1/" m,p,a _^ 

~ 1/ , a > (J. 



Theorem 7.2. For a >0 and i e Ji, 



p,a 



, <p < 1. 



\u(x + i) — u(x)\^dx] djiiu) - N , 
SI ; ; ] r^'z/-"(P-^\ p > 1. 



On the other hand, for a > and i & J2, 
\u{x + i) — u{x)\^dx] dfi{u) 



51 



p,a 



r^, < p < 1. 
, P>i. 
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Theorem 7.3. For k such that k ^ e J2, we have: 

Z]|n|e[M-lfc,Mfc] l"^"!^ , . s ,_2 

^ — —dfi{u) ~ k . 
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